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GROUND STATES OF ELLIPTIC PROBLEMS INVOLVING NON 
HOMOGENEOUS OPERATORS 

GIOVANY M. FIGUEIREDO AND HUMBERTO RAMOS QUOIRIN 


Abstract. We investigate the existence of ground states for functionals with 
nonhomogenous principal part. Roughly speaking, we show that the Nehari 
manifold method requires no homogeinity on the principal part of a functional. 
This result is motivated by some elliptic problems involving nonhomogeneous 
operators. As an application, we prove the existence of a ground state and 
infinitely many solutions for three classes of boundary value problems. 


1. Introduction and main results 


This article is concerned with a class of variational elliptic problems involving 
non-homogeneous operators. Our main goal is to provide a unified approach to 
obtain ground state solutions for these problems. This approach is based on the 
Nehari manifold method, which was introduced in [23 and is by now a well- 
established and useful tool in finding solutions of problems with a variational 
structure, cf. In an abstract setting, given a 

Banach space X and a C 1 functional $ : X —t R, a ground state of <f> is a solution 
uq of the problem 

$ , (mo) = 0, < f>(wo) = min{<f>(u); u is a critical point of $}. 


When looking for such a solution, one may restrict $ to the set 
Af = {u £ X\ {0}; = 0}, 


which not only contains all nontrivial critical points of <f>, but also turns out to 
have some useful properties. It is well-known that under some conditions on <f>, AT 
is a C 1 submanifold of X and critical points of the restriction of $ to Af are in fact 
critical points of <E>. As an immediate consequence, one may obtain a ground state 
of $ by minimizing $ over AT. An overview of this procedure, as well as further 
developments and several applications of this method, are given in |30| . 

Throughout this article we assume that f l C R w (N > 3) is a bounded domain 

and / : M —» [0,oo) is an odd C 1 function, so that F(t) = / f(s ) ds, defined for 


f G R, is an even function. A typical application of the Nehari manifold method 
provides the existence of a ground state for the prototype problem 


— A u = f(u), u £ ifg(fl), u > 0, 


( 1 . 1 ) 
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where A is the Laplace operator and / is, in addition, subcritical and superlinear. 
More precisely, / satisfies 

|/(s)| <C(l + |sr _1 ) Vs £ 1 

for some C > 0 and r £ (2, 2*), where 2* = , as well as 


lim ^ = 0, lim 

s —>0 S s—> oo 

Then the functional 


/OO 


= OO, 


and 


/oo 


is increasing in (0, oo). 


( 1 . 2 ) 


MM := h\u\\ 2 - f F(u), 

J Q 

defined on ffg(fl), has a non-negative and nontrivial ground state uq , which is a 
classical solution of (D>. This result has a natural extension to an abstract setting 
as follows: 

Let A be a uniformly convex Banach space and S be the unit sphere in X. 
Assume that || • || is a C 1 functional on X \ {0}. Then the following result holds, cf. 
[501 Theorem 13]: 


Theorem 1.1. [30] Let $ be such that $(0) = 0 and 4> = Iq — I where Iq, I are C 1 
functionals on X satisfying, for some p > 1: 

(1) I'(u ) = o(||u|| p_1 ) as u —> 0. 

(2) s i-A /^rr- is strictly increasing in (0,oo) for every 0. 

(3) —> oo uniformly for u on weakly compact subsets o/A\{0} as s —>■ oo. 

(4) I' is completely continuous, i.e. if u n —*■ u in X then I'(u n ) —> I'{u) in 
X'. 

(5) Iq is weakly lower semicontinuous, positively homogeneous of degree p, i.e. 
Io{su) = s p Iq(u), and satisfies 

c 0 \\ur<i 0 (u)<c^\\ur 

and 

(i'(v) i' 0 { W )) {v-w)> c, (inr 1 - i^ir- 1 ) (iiuii - imi) (i.3) 

for some Cq,C\ >0 and every u,v £ X. 

Then the equation = 0 has a ground state solution. Moreover, if $ is even 

then this equation has infinitely many pairs of solutions. 


The above theorem is clearly motivated by problems involving the p-Laplace 
operator, namely, 

-A p u = f(u), u £ W 0 1,p (O), (1.4) 

where A p u = div (|Vu| p_2 Vu) and p > 1. In this case X = W 0 1,p (f2) with 
IMI = (In M u l p ) P an( l = I 0 — /, where 

Io(u) = -\\u\\ p and I(u) = [ F(u). 

V Jsi 

Under conditions similar to (El, it can be shown that I satisfies the assumptions 
of Theorem ll.il so that El has a ground state solution and infinitely many pairs 
of solutions. 

The following geometrical properties of $ are essential in the proof of Theorem 

ED 
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(A2) For any w £ X \ {0} the map t i-a defined for t > 0, has a unique 

critical point t w > 0 which satisfies Q(t w w) = max<3>(iu>). 

(A3) t w is uniformly bounded away from zero for w £ S, i.e. there exists S > 0 
such that t w > 5 for every w £ S. Moreover, t w is bounded from above for 
w in a compact subset of S , i.e. given a compact set W C S there exists 
Cyy > 0 such that t w < Cyy for every w £ W. 

These properties are used to show that S is homeomorphic to A f through the 
projection w e-t t w w and that one may carry out a critical point theory on Af, cf. 
[30l Corollary 10]. We shall prove that (A2) and (A3) hold for a larger class of 
functionals, in particular, for $ = Jo — I, where Iq is not positively homogeneous 
and I(u) = j n F(u). This situation is motivated by the following examples: 

(1) X = W^ p (n) and 

I 0 (u) = - [ A(|VuH. 

P J n 

Here A(s) = a(t)dt and a : [0, oo) —> [0, oo) is C 1 in (0, oo) and satisfies 

fc 0 (l + t ^^ < a(t) < ki ^1 + t 3 -^^ Vt > 0, 

where k 0 ,ki are positive constants and p > q > 1. The associated Euler- 
Lagrange equation is the quasilinear equation 

— div (a(|Vu| p )|Vu| p_2 Vu) = f(u), u £ W 0 1,p (f2). (1.5) 

This class of operators contains the p-Laplacian (a(t) = 1), as well as the 
sum of the p-Laplacian and the g-Laplacian ( a(t ) = 1 + t~p~). Problems 
involving this class of operators have been investigated, for instance, in 

[9J El US US [21 [26]. 

(2) X = Hi (O) and 

I 0 (u) = ±M(\\u\\ 2 ), 

where \\u\\ = (/ a |Vu| 2 ) 2 , M(s) = f* M(t)dt and M : [0,oo) —> [0,oo) 
is a continuous function. In this case, the corresponding Euler-Lagrange 
equation is the Kirchhoff type equation 

-mQjVu| 2 ) Att = /(«), u£Hl(n), (1.6) 

which has been intensively investigated over the last years, specially for 
M(t ) = at + b, with a, b > 0, cf. [S H US US [2S I27| . 

We shall prove that this equation has a ground state for a larger class of 
M, which includes, for instance, 

M{t) = mo + ln(l + t) 

k 

M (t) = mo + bif i 

i=1 


or 
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where bi> 0 and 7 \ G (0,1] for i = 1, k, with > 0 for at least one i. 

(3) Let pf = (pi,p 2 ,...,Pn) with pi > 1 for i = and > 1 - 

Let X = Vl' p (fl) be the completion of with respect to the norm 

N 

||w|| = ^ ||9iit|| Pi . We set, for u G X, 


i =1 


1 1 C 

I o{u) = J2~ / \ d M Pi - 
tiP' 

The corresponding Euler-Lagrange equation is the anisotropic equation 
N 

- {\diu\ Pi ~ 2 diu) = f(u), w G (1.7) 

i— 1 

For results on this class of problems, we refer to m mi mi no [ 32 ] and 
references therein. 


We shall establish an abstract result (in the same style as Theorem HU which 
applies to the problems above. In this sense, we shall prove that the Nehari manifold 
method applies to problems with nonhomogenous operators. To prove that $ has a 
ground state, we follow a strategy slightly different from [3U], since we do not prove 
that $ satisfies the Palais-Smale condition at the ground state level. In doing so, 
we also get rid of the condition (11.31) and the uniform convexity assumption on X. 
This approach, in a rather simple setting, can be found in [5j. Once we have proved 
that the infimum of $ over N is achieved, we shall deduce that it is a critical value 
of d) thanks to the results of [30], which apply to C 1 functionals. 

Finally, let us recall (as pointed out in [3D] ) that the Nehari manifold method 
also has the advantage of not requiring an Ambrosetti-Rabinowitz type condition 
on /, which is customary when dealing with the Palais-Smale condition. 

We state now our main result: 


Theorem 1.2. Let X be a reflexive Banach space such that || • || is a C 1 functional 
on X \ {0} and be a C 1 functional such that $(0) = 0. In addition, we 

assume that there exist p, r > 1 such that: 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


<1> ( u)u 

hm mf — 7 —n— > 0 
«->o ||u|| r 

For every u G X we have $(w) > Co||w|| r — I(u ) where Cq > 0 and I is a 
weaklu continuous functional on X. 

§(tu) 

= —00 uniformly for u on weakly compact subsets of X \ {0}. 


lim . , , , , , _ , 

£—>•00 fP 

(tVj) r UL 

For every u G X \ {0} the maps t 1 —s- -—— and t i-A <I>(fM) — j } &{tu)tu 

are decreasing and increasing in (0,oo), respectively. 

u !->■ &(u)u and u 1 —> $(u) — -<&'(u)u are weakly lower semicontinuous on 
X. 


Then c := inf/^/$ is positive and achieved by some uq ^ 0, i.e. $ has a nontrivial 
ground state at a positive level. If, in addition, is even then we may choose 

Uq > 0 . 
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Proof. The proof is divided in two steps: first we show that c is achieved, and then 
we use the results of [30] to prove that c is a critical value of <J>. 

Step 1: c is achieved 


Given u € X \ {0}, we set 7 u (t) = <F(tit) for t > 0. From (1) and (3) it is 
clear that 7 u (t) > 0 for t sufficiently small and 7 u (t) < 0 for t sufficiently large. 
Consequently 7 u has a global maximum point t u > 0, which is a critical point of 7 U . 
Since t 1 ~ p "f' u (t) = t 1 ~ p ^'(tu)u, from (4) we infer that t t l ~ Pr )' u {t) is decreasing. 
It follows that 7^ vanishes exactly once, i.e. t u is the unique critical point of In 
particular, there holds <&(«) >0 for every u € A/”, so that c > 0. 

We claim that M is bounded away from zero. Indeed, if (u n ) C A f with u n —>• 0 
in X then " = 0 for every n, which contradicts (1). Thus the claim is proved. 

Let us prove now that if (u n ) C M is such that ($(u„)) is bounded from above 
then (u n ) is bounded and, up to a subsequence, u n —*■ uq with u 0 ^ 0. Assume by 
contradiction that (u n ) C J\f is unbounded. Then we may assume that ||u„|| —> 00 
and v n —*■ no, where v n = \\y n \\ ■ If Vo = 0 then, since t = 1 is the global maximum 
point of "f Un , we have, using (2), 

$(«n) > ®(tV n ) > C 0 t T ~ I(tV n ) ->• C 0 t r - 1(0), Vt > 0. (1.8) 

This contradicts the fact that ($(«,„)) is bounded from above. Hence no ^ 0 and 
consequently, by (3), 

$(u n ) $(||un||«n) 

- = - —y —00 

IKI| P KII P 

which contradicts the fact that $(m„) > 0 for every n. Therefore (u n ) must be 
bounded and, up to a subsequence, u n uq- If uq = 0 then, repeating the 
argument used in the case no = 0, we get 

> $(t«n) > Cot r \\u n \\ r - I{tu n ) > D 0 t r - I(tu n ) D 0 t r - 7(0), 

where we used (2) and the fact that J\f is bounded away from zero. So we get another 
contradiction, which shows that uq ^ 0. In particular, if (u n ) is a minimizing 
sequence for c then we may assume that u n —*• uo with u o ^ 0. Let to = t Uo , i.e. 
touo £ A/”. From (5), we infer that 

< F , (uo)wq < liminf <§>'(u n )u n = 0, 


and, as a consequence, to < 1- We claim that to = 1- Indeed, if to < 1 then, using 
(4) and (5), we get 


c < 

< 


<F(t 0 Uo) = $(to«o)-$'(toUo)t 0 Mo < $(«o)-$'(u 0 )u 0 

p p 

liminf - j-j$'(u n )u n ^ = lim$(u n ) = c, 


which is a contradiction. Therefore to = 1, ito G A/”, and $(uq) = c. Finally, if $ is 
even then $(u 0 ) = <J>(|it 0 |), so that |uq| achieves c. 


Step 2: c is a critical value of $ 
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From the previous step it is clear that $ satisfies (A2) and (A3) from [30]. By 

m Corollary 10], we deduce that c = inf 'F, where dt is defined by 

s 


’P(w) = $(t w w) for w £ S. 

Moreover *P is a C 1 functional on <S, which is a C 1 submanifold of X, and w is a 
critical point of *P if and only if t w w is a critical point of <F. This proves that c is 
a critical value of $. □ 


Remark 1.1. 

(1) We may easily check that the proof of Theorem II.21 still can be carried out 
if instead of (2), the following conditions hold: 

(A) For every u £ X we have $(«) = I 0 (w) — /(u), where I is weakly 
continuous and / 0 is such that lim Io(tu ) = oo uniformly for u £ S. 

£—>■00 

(B) For every u £ X we have &'(u)u = Jq{u) — J(u ), where J is weakly 
continuous and Jo is such that Jo(u n ) -A 0 if and only if u n —»• 0. 

As a matter of fact, one may repeat (11.811 and use (A) to get a contradiction 
if (un) C A/" is such that (<F(w n )) is bounded from above and v n = ■p^jr —^ 0. 
Moreover, if (u n ) C A f and u n — L uq then uq ^ 0. Indeed, if uq = 0 then, 
from Jo(itn) — J{u n ) = &'(u n )u n = 0 and the weak continuity of J we 
deduce that Jo(u n ) —> 0, so that, by (B), u n 0, which contradicts the 
fact that J\f is bounded away from zero. The rest of the proof holds without 
further modifications. 


(2) If $ is weakly lower semi-continuous then, instead of (4) and (5), one may 

(I>^ (tzt)u 

require only that for every u £ X \ {0} the map t n--—— is decreasing 

in (0, oo). Note indeed that one may still obtain a minimizing sequence for 
c such that u n — 1 Uq and uq ^ 0. From the weak lower semicontinuity of $ 
and the fact that $(« n ) = max t>0 $>(tu n ) we deduce that 

c < 'F(toMo) ^ lim inf &(t 0 u n ) < lim inf $(u„) = c, 
i.e. c is achieved. 


(3) Unlike [30], we don’t make use of the Palais-Smale condition of $ to show 
that c is achieved. Indeed, note that the proof of Theorem 11.21 does not 
require the strong convergence of a minimizing sequence for c. 

(4) From the proof of Theorem 11.21 we shall highlight the following result: if 
(u n ) C M is such that (§(« n )) is bounded from above then (u n ) is bounded. 


Following [3U], we say that <F satisfies the Palais-Smale condition on A f if 
any Palais-Smale sequence of $ which is moreover in A/" contains a convergent 
subsequence. 

Combining Theorem 11.21 above and Theorem 2 and Corollary 10 from [30], we 
get the following result: 
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Corollary 1.1. Under the assumptions of Theorem 1 l.A assume in addition that $ 
is even and satisfies the Palais-Smale condition on TV". Then $ has infinitely many 
pairs of critical points. 


2. Applications 

We apply now Theorem 11.21 and Corollary 1 1.1 1 to the equations (11.51) . (II.GD and 
(EZD- Let us recall that fl C (TV > 3) is a bounded domain, / : R —» [0, oo) is 

an odd C 1 function and F(t) = / f(s) ds, for t € R. 

Jo 

2.1. A quasilinear equation. We assume that a : [0, oo) —> [0, oo) is C 1 in (0, oo) 

and we set Aft) = / a(s) ds for 
Jo 

Corollary 2.1. Under the above assumptions on a, assume in addition that there 
exist p > q > 1 such that: 


(i) k, (i 


(l+(V) 


Vf > 0, where fco,fci are positive 


1 + t p J < aft) < k\ (1 + t 
constants. 

(2) a is non-increasing. 

(3) t<->- a(t p )t p and t M- A(t p ) — a(t p )t p are convex in (0, oo). 

(4) lirn = 0. 

, , , F(t) 

(5) Inn -= oo. 

t—too tP 

(6) lim li-L = o for some a £ fp,p*). 

t —>oo t a 1 

(7) 1 1-» ^rr is increasing on (0, oo). 

Then (11.51) has a nontrivial and non-negative ground state. 

Proof. First of all, note that Aft) is well-defined in view of (1). Let X = W(J’ p (fl) 
with ||u|| = (f n |Vu| p ) p . We set, for u £ A, 

$(u) = - f A(|Vw| p ) - f F(u). (2.9) 

P J n J a 


From (1) we infer that 

k 0 (t p + t q ) < a(t p )t p < h ft p + F), Mt > 0 

and 




k 0 ( t p + ?-t q ) < A(t p ) <k!(t p + -t q ) , Vt > 0. 


( 2 . 10 ) 


( 2 . 11 ) 


On the other hand, from (4) and (6) we infer that for any e > 0 there exists C e > 0 
such that 

|/(t)| < £|t| 9-1 +C £ |t|“- 1 , Vt £ R. (2.12) 

Since 1 < q < p, it follows that $ is a C 1 functional on X. From (12.121) and the 
continuity of the embeddings X C L a (fil) and IFy ,I? (Q) C L 9 (n), we infer that for 
any e > 0 there exists C e > 0 such that 

f f(u)u <e I \Xu\ q +C E \\u\\ a Vu £ X. 

J n J n 
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Taking e > 0 sufficiently small and using (12.101) , we get 

&(u)u > (k 0 - e) [ |Vw| 9 + fcolMr - C e \\u\\ a Vu G X, 
J n 


and consequently 


From (12.111) . note also that 


,. . . &{u)u 

limmf -n—n— > 0. 

IMKo u p 


$(u) > _ f F(u) 

P Jn 

and by the compact Sobolev embedding X C L a (fi), the functional u H- J n F(u) 
is weakly continuous on X. Still from (12.111) . we have 


<&(tu) 

tP 


< 


—t q ~ p [ \Vu\ q + — | 
q Jn P 


F(tu ) 
tP 


uniformly for u on weakly compact subsets of X \ {0}, by (5). From (2) and (7) we 
have that 


t i-a 


tP- 


= / a 


(^iv«niv u r- [ ® 

J n 1 


is decreasing on (0, oo) for every « / 0. Furthermore, it is clear that 


t i-A A(t p ) — a(t p )t p is non-decreasing in (0, oo). 

On the other hand, (7) provides that 

1 1—^ —f{t)t — F(t) is increasing in (0, oo). 

Thus t i-a $(fii) — ^&(tu)tu is increasing in (0, oo) for every u ^ 0. 

Finally, (3) yields that u i-a &'(u)u and u i-a $(u) — i$'(u)u are weakly lower 
semi-continuous on X. Therefore Theorem 11.21 applies with r = p and since $ is 
even, we infer that $ has a nontrivial and non-negative ground state. □ 


Let : X —> R be a C 1 functional. Recall that \f ,/ belongs to the class (S+) 
condition if 


u n —^ uq in X, limsup Q'(u n )(u n — uq) < 0 => u n -A uq in X. 

Set 'F(u) = A(|Vu| p ) for u G W 0 1,r ’(fl). It is known that if t ha A(t p ) is strictly 
convex and satisfies 


aR p — bi < A{t p ) < a 2 t p + b 2 , Vf > 0 

for some positive constants ai, 02,61,62, then T' belongs to the class (S+) (see [18] 
for a proof). 

As a consequence of Remark 11.11 (4). we see that under the assumptions of 
Corollary 12.11 and the condition 

t 1 —y A(t p ) is strictly convex in (0,oo) (2-13) 

the functional $ given by (12.91) satisfies the Palais-Smale condition on J\f. We infer 
then the following result: 

Corollary 2.2. Under the assumptions of Corollary I All assume in addition that 
(12.131) holds. Then the problem (11.51) has infinitely many pairs of solutions. 
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Remark 2.1. One may easily check that Corolla,ries \2.1\ and \2.2\ avvlu in particular 
to a(t) = 1 and aft) = 1 + t~p~, with p > q > 1, which correspond to the operators 
—A p and — A p — A q , respectively. 


2.2. A nonlocal equation. Let N = 3, so that 2* = 6. We assume that 
M : [0, oo) —> [0, oo) is a C 1 function and we set M(t) = / M{s) ds for t £ R. 

Jo 

Corollary 2.3. Under the above assumptions on M, assume in addition: 

(1) M is increasing and M(0) := m o > 0. 

M(t) 

(2) t eA- is decreasing. 

(3) lim — = 0. 

7 t-vO t 

(4) ^ = °°- 

f ( + \ 

(5) lim — —r = 0 for some a £ (4, 6). 

£—>■00 t a 1 

(6) 1 1 —¥ is increasing. 

Then (II.GD has a nontrivial and non-negative ground state. 

Proof. Let X = Hq(Q) with ||u|| = (f n |Vu| 2 ) 2 . We set, for u £ X, 

$(u) = ±M(\\u\\ 2 )- J^F(u). 

Note that || - || is a C 1 functional on X , so that u >-»• M(||tt|| 2 ) is C 1 as well. From 
(3) and (5) we have that for every e > 0 there exists C e > 0 such that 


(2.14) 


|/(i)|<e|t|+a|t| £ 


Vt £ R. 


(2.15) 


Thus <1> is a C 1 functional. Using (1) and (I2.15|> . we have 

&(u)u = M(\\u\\ 2 )\\u\\ 2 - [ f(u)u>m 0 \\u\\ 2 - [ f(u)u. 

J Q, J $2 

From (12.151) and the continuous embedding X C L Q (fl), we get 


f(u)i 


< £ |MI 2 + aiMi 


Vzi G X. 


Thus we have, for u £ X, 

&{u)u > m 0 \\u\\ 2 - e||ix|| 2 - C e \\u\\ a . 

Taking e > 0 sufficiently small, we get 

,. . , &(u)u 

lim mf > 0. 

I|u||—>o ||m || 2 

Moreover, from (2) we infer that 

- , , f* Mis) , M(t) rt 1 

M(t) = / ——s ds > w 


t 


s ds = -M(t)t , Vt > 0, 


and consequently 


$(u) > ^IM| 2 - [ F(u). 
1 Jo. 
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By (12.1511 and the compact embedding X C the functional u f n F(u ) is 

weakly continuous on X. Now, from (2) we have M{t) < M{l)t for t > 1, so that 

M{t) < M(l)t + C, Vt > 0 

for some constant C > 0. Consequently we have, for u £ X, 


Hu)<C 1 \\u \\ 4 + C 2 \\u\\ 2 - [ F(u ), 

Jo. 


for some Ci,C 2 > 0, so that, by (4), ^^4 —> —00 uniformly on weakly compact 

subsets oiX\ {0}. From (2) and (6), it follows that 

f ( tu ) 


<&'(tu)u 1 2|I 


\\u\\ 2 - 


t 3 


is decreasing for every u ^ 0. 

Furthermore, note that (2) yields tM'(t ) < M(t ) for any t > 0, and consequently 

t i-a — M(t ) — is increasing. 

Hence t i-a 4>(fit) — ^<$>'(tu)tu is increasing in (0, 00 ) for every 0. 

Finally, since M and t i-a | M(t ) — are increasing, the mappings 

u i-a M(||it|| 2 ) and u i-A iM(||it|| 2 ) — iM(||w|| 2 )||'M || 2 

are weakly lower semicontinuous on X. Therefore Theorem 11.21 applies with r = 2 
and p = 4. Note also that $ is even. The proof is now complete. □ 


Corollary 2.4. Under the assumptions of Corollary \2.Sl the problem cm has 
infinitely many pairs of solutions. 


Proof. Let ( u n ) C N be a Palais-Smale sequence for <f>, defined in (12.141 1 . By 
Remark 11.11 (41. we know that ( u n ) is bounded, so that, up to a subsequence, 
u n ^ uo in X. From (12.1511 . we know that 


Hence 


M( ||t 


/ f(u n ){u n -u 0 ) = o{l). 

J n 

2 ) / Vm„V(u„ — Uo) = &{u n )(u n — Mo) + o(l) = o(l). 
J n 


Since M is continuous and M(t) > mo > 0 for all £ > 0, we infer that M(||w n || 2 ) is 
bounded and bounded away from zero, so that 


/ V« n V(«„ - u 0 ) = o(l). 
J n 


By the uniform convexity of iLo(fl), we get u n -> %■ 


□ 


Remark 2.2. Besides M(t) = at + b, with a,b > 0, Corollaries \2.d\ and \2.4\ apply 

k 

also to M(t ) = mo + ln(l+t) and M(t) = mo+^ biC i , where bi > 0 and 7 j £ (0, 1] 

2=1 

for i = 1,..., k, with bi > 0 for at least one i. 
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2.3. A anisotropic equation. Let 1 < pi < P 2 < < pn be such that 

-. If r > 1, we denote by 


EE jr > 1 and p N < p*, where p* = ^ 

||w|| r the norm of v in L r ( fl). 

Corollary 2.5. Under the above assumptions, assume in addition: 

( 1 ) lim t _ >0 + -jjrp=r = 0. 

(2) limj^oo = oo. 

(3) lim^oo = oo for some a G (pn,P*)- 
(f)t i —y /W t is increasing. 

Then (11.71) /ias a nontrivial and non-negative ground state. 

Proof. Let A = Vq’~^ (II) be the completion of with respect to the norm 

N 

IMI = E ||9ju|| Pi . It is known that A is a reflexive Banach space which embedds 

2= 1 

continuously in L q (UL) if q G [l,p*], and compactly if q G [l,p*), cf [21] . 

We set, for u G X, 


N 


N 

*(«) = E- [ i^r- / w 

Pi h 2 Vn 


(2.16) 


Note that if ||u|| < 1 then ||<9,;u|| Pi < 1 for i = 1,.., A, and since pi < pn we get 
||0iu||£ > ll^llr for i = 1,.., N. Thus 

N N / N \ PN 

E ii^ik ^ E c E ii^iu = cinr- 


*=i 


Using (1), (3) and the continuous embedding A C L a (SY), we have that for any 
£ > 0 there exists C e > 0 such that 


f{u)i 


^ell^uEi+aiMI 01 , VuG A. 


Hence 


AT r N 

&(u)u = 51 H^llw “ / /( U ) U ^ E Uplift - £ ll 5 l U llpi - C 'ell u ll 

2=1 ^ 2=1 


A/ - 


> (i - e) w^K: - c e \\ u r > c{ i - e )inr - cwn«ir. 

Taking e < 1 we get 


2=1 


.. . . &{u)u 

luninf -— n - > 0. 

u-> o kt pn 


Note also that 


where 


$(u) = Iq(u) — I{u) and (u)u = Jq(u) — J{u), 
a . ,. 

V«) = E — ll^llw’ I ( u ) = F ( u )> 

“ Pi in 
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N 

Mu) = y \\dju\\%-. and J{u) 

i =1 


f{u)u. 


From the compact embedding X C L a { ft), it follows that I and J are weakly 
continuous. Moreover there exists C > 0 such that 


if t > 1 and ||u|| < f. In particular, if u £ S then Io(tu) —> oo as t —> oo. In 
addition, it is clear that Jo(u n ) —>• 0 if and only if u n — > 0 in X. From (2) we have 


N 


^ t Pi ~ PN 

= - \\OiU\ 


tPN 


Pi 


Pi _ 
Pi 


F{tu) 

tPN 


whereas, from (4), it follows that 

N 


1 1 ->-1 1 PN $'(tu)u = ^ t Pi — / '^ U \ is decreasing in (0, oo). 

i=i 


Still by (4), we have that 


1 1 —>• —/(£)£ — F(t) is increasing in (0, oo). 
PN 


Thus for any u ^ 0 


t >-)■ $(£it)—-$'(t«)<M = y f--— ^ t Pi PN \\diu\\P i J t- ( ( —f(tu)t — F(tu) 

PN PN ' Jn\PN 


is increasing in (0,oo). 

Finally, it is clear that u M- &'(u)u and H> 4 >(m) — u)u are weakly lower 

semicontinuous on X, and $ is even. 

In view of Theorem II.21 and Remark iLlI f 11. we infer that (11.71) has a nontrivial 
and non-negative ground state. □ 


Corollary 2.6. Under the assumptions of Corollary \2.5\. the problem (11.71) has 
infinitely many pairs of solutions. 

Proof. Let (u n ) C Af be a Palais-Smale sequence for $, defined in (12.161) . Since 
(u n ) is bounded, passing to a subsequence, if necessary, we have 

u n —*■ u in Dq’^(Q), u n —u in L a (Ul) for a £ [l,p*), and u n —> u a.e in f l. 

Since |/(£)| < C( 1 + |f| Q_1 ) for every tel, we get 


Now, from u n 



u in Dq' p (ft) we have 


f{u n )u 


o(l). 


N 

T, / | diu\ Pi 2 diU diU n 
i= i Jn 



(2.17) 


(2.18) 








GROUND STATES OF ELLIPTIC PROBLEMS 


13 


We use now the standard inequality (cf. [29]) 


(M p *-\y\ p y){x~y)> 


C P \x-y\ p , ifp>2 


a 


\x-vV 


P (M + |y|) 2_p ’ 


if 1 < p < 2, 


which holds for some C p > 0. Note that if 1 < pi < 2 then 


%u n - dni\\Pi 


\diU n - d t u\ Pi h p - (2 - p ^ 

- ViX2 _ Pi) (\djU n \ + |d»u|) 2 


< 


70 {\diu n \ + |c?iu|) 2 

( f I diUn - diu\ 2 


(\diu n \ + \diu\Y 


Thus 


\Jn ( \diu n \ + \diu\f Pi ) 

< C (^J (\d i u n \ Pi ~ 2 d l u n - \diu\ Pi ~ 2 diu) (d l u n - diu) 

C\\diU n - diu\\ P i, if Pi >2 


( \diU n \ Pi 2 diU n - \diu\ Pi 2 diu) {diU n - diu) > 


J n 

for some C > 0, and consequently 
N 


C\\diU n - diu\\l if 1 < Pi < 2. 


&{u n )(u n -u) = Y] / \diU n \ Pi 2 diU n (diU n - diu) + o( 1 ) 

i=i - 70 

N r 

= / (|9jWn| p< - |5iu| Pi 2 9iu) (3,u n - 9iit) + o(l) 

i=i • 7n 

> c j ^2 \\diU n - dm\\ p i + ^2 ll^iUn - diu\\ 2 p . j + o(l) 


Therefore \\diU n — diu\\ Pi —)■ 0 for i = 1, so that u n —> u in (Q) and the 
proof is complete. □ 
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